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sophisticated theories which account for aerodynamic inter-
action. However, for configurations with lighter and thinner
fuselages, it is believed that the aerodynamic interaction will
prove to be more important, and such configurations will
require early analysis with an accurate interaction aero-
dynamic theory.

4) For the successful prediction of the airframe critical
flutter mode, the dynamic idealization must realistically
include the elastic characteristics of all interactive com-
ponents.

5) Complete aircraft flutter analyses using component
aerodynamics without interaction (i.e., wing and tail aero-
dynamics separately) should be avoided because such analyses
may obscure the potentially critical wing-tail mechanism.

6) A potential wing-tail interaction instability can be
prevented by geometric rearrangement, or by considerable
structural stiffening, and quite possibly by "active control"
with the stabilator control system.
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Advanced Design Concepts for Buckling-Critical
Composite Shell Structures

L. B. GBESZCZUK* AND R. J. MiLLEEf
McDonnell Douglas Astronautics Company, Santa Monica, Calif.

The high cost of advanced filamentary composites has led to the investigation and develop-
ment of new design concepts for buckling-critical composite shell structures. Results are pre-
sented on structural efficiency and cost effectiveness of shells designed for buckling under ex-
ternal pressure and axial compression. Use of a pseudo-T-rib stiffening concept in which
small quantities of high-modulus fibers are placed at the tip of a metal stiffener significantly
increases buckling efficiency. A 10-volume-percent of boron-epoxy (as compared to the total
volume of material in a stiffened metal shell) increases the buckling efficiency of an externally
pressurized shell as much as 80% at a cost comparable to that of all-metal structures. Similar
results are obtained for buckling-critical shells subjected to axial compression. For an inte-
grated-composite shell consisting of an aluminum cylinder overwrapped with boron-epoxy and
subjected to external pressure, the experimentally determined structural efficiency is 47%
greater than that of an all-aluminum cylinder of similar geometry. It is shown that problems
involving joints and attachments, which are critical for all-composite structures, are mini-
mized through the use of new design concepts.

Nomenclature

Bx,By = extensional stiffness of orthotropic cylinder in axial x
and hoop direction y} respectively, Ib/in.

Dx,Dy — flexural stiffness of orthotropic cylinder in axial x and
hoop y directions, respectively, in.-lb

Dxy — twisting stiffness in xy plane, in.-lb
E = modulus of elasticity, psi
Gxy — shear stiffness in xy plane, Ib/in.
p = external pressure, psi

NX = axial buckling load, Ib/in.
ijLXy = relates strain in the y direction due to normal stress in

the x direction
fjtyx = relates strain in the x direction due to normal stress in

the y direction
i*xv — relates strain in the y direction due to flexural stress in

the x direction
Hyx = relates strain in the x direction due to flexural stress in

the y direction
h — rib height, in.
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program and for aiding in the fabrication of test specimens. This work was performed under the sponsorship of the McDonnell Douglas
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w = rib width, in.
I — rib spacing, in.
t — shell thickness, in.
p = density, lb/in.3

Subscripts
L = fiber direction
T = transverse direction
x — axial direction
y = hoop direction

I. Introduction

IN the last decade, significant advances have been made in
the development of filamentary composite materials for

aerospace applications. Fibers made of such materials as
S-glass, boron, silicon carbide, and graphite are now being
used or considered for missile, aircraft, spacevehicle, and deep-
submergence structures. The Young's moduli of these
materials range from 12.4 X 106 psi for S-glass fibers to as
high as 60 X 106 psi for boron fibers and 100 X 106 psi for
certain graphite fibers. Tensile strengths range from 300 to
600 X 103 psi. Research is now in progress to develop and
improve continuous filaments made of graphite, silicon car-
bide, alumina, and other materials.

In contrast to the fast pace of material development,
efficient structural design concepts for filamentary materials
have been rather slow to appear. Only a few existing con-
cepts benefit fully from the inherent advantages of filamentary
construction. (Two examples are isotensoid dome shapes for
internal pressure vessels, described in Ref. 1, and use of
optimum material layup for buckling-critical structures.)
In most contemporary applications, composites are merely
substituted for conventional isotropic materials, and the
designs resemble those of conventional structures. This
approach frequently creates serious problems, especially with
joints and cutouts, and offers only limited weight savings.
Because of these considerations, as well as stringent reliability
requirements and the high cost of filamentary materials, de-
signers have often been reluctant to accept composites over
conventional isotropic materials.

Recent studies of new design concepts for composites have
sought to obviate these adverse considerations by taking full
advantage of the superior properties of the filaments and by
employing the great freedom and flexibility of design and
fabrication permitted by filamentary materials. Two of
these new concepts are discussed here as applied to buckling-
critical shell structures: the pseudo-T-rib stiffening concept
and the integrated-composite concept. In both, small quan-
tities of high-modulus composites are used to gain significant
improvement in the efficiency of metal structures.

II. Background

One of the factors which deters wide-scale application of
filamentary composites in aerospace structures is their high
cost. Some typical cost figures for composites are shown in

DIMENSIONS
(IN.)

L = 27.05 h = 0.418
H =15.44 w = 0.500
W = 28.56 t = 0.10
£ = 4.55

p= 110 PSI

Fig. 1 Optim-
ized all-metal

configuration.

Table I. These figures represent recent data (1969) and
apply to small quantities of purchased material (less than
5 Ib). The cost of various composites is expected to decrease
with time, and also with the quantity of material purchased.
Nevertheless, the cost of composites is several orders of magni-
tude higher than the cost of such common materials as
aluminum and steel. Even if the cost of the existing com-
posites is reduced significantly, the second- and third-genera-
tion composites, when they finally emerge on the market, will
undoubtedly be high-priced. It is this factor—cost—which
has led to the investigation of new structural concepts for
employing composites efficiently and cost-effectively.

In order to arrive at accurate conclusions, the new design
concepts have been applied to structural components of
vehicles which are operational today (Thor), or which will be
operational in the near future (an advanced interceptor).
In the case of the Thor missile, which has been operational for
10 years, the shell components are designed primarily for
buckling under axial compression; the design employs waffle
constr uction.

In the case of an advanced interceptor discussed here, the
shell components are designed for buckling under external
pressure. A representative configuration used in this study
is an aluminum elliptical cylinder stiffened with elliptical
Z frames. The existing design has been optimized for rib
geometry, rib spacing, and skin thickness so that the over-all
and local buckling (buckling between the frames) occur
simultaneously, and the structure meets all other imposed re-
quirements. Upon optimization of the all-metal structural
configuration, studies were performed on the possible increases
in structural efficiency due to cost-effective application of
composites. Although the results presented herein are for
boron-epoxy composites, the concepts apply to other types of
existing composites, as well as composites not yet available.

III. Pseudo-T-Rib Stiffening Concept

The shell configuration selected to illustrate the concept is
shown in Fig. 1. The geometry and loading are representa-
tive of those encountered by an advanced interceptor. The
structure is an elliptical, stiffened aluminum cylinder. One
of the constraints imposed on the structure was that (h+t)
could not exceed 0.518 in. Using the equations given in the
Appendix, the rib spacing and size (within the limitations
stated previously) were optimized for over-all and local in-
stability (buckling between frames). The stiffened shell was
analyzed by the equivalent-stiffness, equivalent-cylinder
method; that is, by smearing out the ribs and treating the
ellipse as an equivalent cylinder with radius equal to the
maximum radius of curvature for the ellipse. The applica-
tion of equivalent-circular-cylinder theory to predict external
buckling pressure for an isotropic elliptical shell yields rea-
sonably accurate results.2

Following determination of the optimum geometry of a
stiffened all-metal shell, the effect of the pseudo-T-rib stiffen-
ing concept on shell buckling efficiency was investigated.
In this concept, boron-epoxy, or some other suitable high-
modulus composite, is provided at the tip of the rib. This
yields a stiffener of simple geometry that possesses stiffness
equivalent to a T stiffener. Figure 2 shows the effect of the

Table 1 Cost of broad goods

Composite
Glass-epoxy
Boron-epoxy
Graphite-epoxy
Boron-aluminum

Type of goods

Resin-impregnated tape
Resin-impregnated tape
Resin-impregnated tape
0 . 020-in.-thick panels

Approxi-
mate cost,

$/lb
12

500
510

2000
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pseudo-T-rib stiffening on the buckling efficiency of an ellipti-
cal shell. As noted there, the results also apply to stiffened
circular shells. Buckling pressure divided by the weight per
unit surface area is plotted as a function of volume percent of
boron-epoxy X.J The same approach as that used to optimize
the all-metal structure was used to obtain the results shown in
Fig. 2 (see Appendix). The parameters W, H, L, h, t, and w
were kept the same as shown in Fig. 1; only the rib spacing
I and the amount of boron-epoxy at the tip of the rib were
varied. The rib spacing I was varied to satisfy the over-all
and local buckling requirements, that is, to ensure that the
over-all and local buckling occur at the same external pressure.
The modulus of elasticity of a boron-epoxy composite was
taken as 40.36 X 106 psi, which corresponds to a composite
with 67% fiber volume fraction.

The efficiency of the pseudo-!T-rib stiffening concept is
quite apparent. Approximately 4.8% boron-epoxy by
volume increases the buckling efficiency by 50%, while 8.8
volume percent of boron-epoxy placed at the tip of the rib
increases the buckling efficiency by 75%. As the volume
fraction of boron-epoxy increases, the rate of increase in
buckling efficiency decreases.

Figures 3 and 4 show the cost effectiveness of the pseudo-
!F-rib stiffening concept. In arriving at these figures, it was
assumed that 10 shells would be built; the cost shown is per
shell. Figure 3 shows the total cost of boron-epoxy prepreg
required to increase the buckling efficiency over that of an
all-metal structure by a given amount.§ The cost shown is
for material only and represents the total material cost for a
structure with the external geometry shown in Fig. 1. In
Fig. 4, an attempt has been made to present the cost effective-
ness of pseudo-T-rib stiffening in another way. Here, a
comparison is made between cost-per-unit structural effi-
ciency of optimized all-aluminum stiffened shells and of the
shells stiffened with boron-epoxy-reinforced stiffeners. The

20.0

Fig. 2 Buckling
efl&ciency of a
pseudo - T - rib-
stiffened ellipti-

cal cylinder.
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{ X is defined as volume of boron-epoxy divided by the total
volume of material per unit bay.

§ These results are based on the cost of boron-epoxy prepreg
shown in Table 1, with appropriate reductions in cost (obtained
from Narmco Whitaker) as the amount of purchased material
increases.
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I ALL-BORON RIB-J
STIFFENED ELLIPTICA!
CYLINDER

/ ^STIFFENED
CIRCULAR
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COST OF BORON-EPOXY PREPREG ($1,000)

ALUMINUM
BORON-EPOXY

M M t rnr
PSEUDO-T-RIB-STIFFENED ELLIPTICAL CYLINDER
UNDER EXTERNAL PRESSURE

NOTE: FOR CIRCULAR CYLINDER, R - 25.1 INCHES.
OTHER DIMENSIONS ARE SAME AS FOR
ELLIPTICAL CYLINDER.

Fig. 3 Total cost of boron-epoxy prepreg to increase the
buckling efficiency of stiffened cylinders subjected to ex-

ternal pressure.

parameter £ which denotes the cost per unit structural effi-
ciency, is denned as

(Total weight of structure) X
_ ____________(Cost per pound of metal structure)

(Critical buckling pressure)/ (Weight per unit surface area)
The results shown in Fig. 4 apply to the configuration

shown in Fig. 1 and include not only the cost of boron-epoxy
prepreg but also estimated fabrication costs. In estimating
the fabrication cost, it was assumed that the stiffeners would
be of Z crosssection and that the boron-epoxy would be
filament-wound on the outside of the inner Z flange, as shown
in Fig. 5. In other words, the Z stiffeners themselves, sup-
ported by appropriate fixtures, would serve as mandrels.
The cost included such items as fixtures for filament-over-
winding the stiffeners, preparation of stiffeners, preparation of
stiffeners for bonding boron-epoxy to aluminum, filament
overwinding, curing, and final finishing. As before, in esti-
mating the cost, it was assumed that 10 components would
be fabricated, and the cost was amortized accordingly. (If

0.40,

COST PER POUND OF METAL
STRUCTURE (TOTAL)

Fig.4 Cost Efficien-
cy of an externally
pressurized, pseudo-
T-rib-stiffened ellip-

tical shell.

\ 0.20.
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$50
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f~r uuaT/l NIT STf UCTURAL

EFFICIENCY OF PSEUOO-T-RIB-
rv " STIFFENED STRUCTURE

COST/ INIT STRUCTURAL EFFICIENCY
w | OF AN ALL-METAL STRUCTURE

"l 1.25 1.50 1.75 2.00 2.25
INCREASE IN BUCKLING EFFICIENCY

0 2.2 4.8 8.8 29.6
PERCENT BORON-EPOXY BY VOLUME
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ALUMINUM

BORON-EPOXY-
CROSS SECTION OF STIFFENED
ELLIPTICAL CYLINDER

NOTE: COST INCLUDES FABRICATION
AND MATERIALS.

-JOINTS AND ATTACHMENTS
SAME AS THOSE USED ON
PRESENT ALL-METAL
STRUCTURES

ALUMINUM OUTER SHELL

ALUMINUM Z-STIFFENERS RIVETED
TO OUTER SHELL
BORON-EPOXY OVERWRAP ON
THE Z-STIFFENERS

Fig. 5 Typical configuration of a pseudo-T-rib- stiffened
shell.

more than 10 components were fabricated, the cost would de-
crease further, but not significantly.)

The cost figures shown in the center of Fig. 4 represent
assumed cost per pound of an all-metal structure, including
fabrication and materials. By multiplying the weight of the
structure shown in Fig. 1 by the cost per pound of an all-
metal structure, and dividing the result by the structural
efficiency, one obtains the cost-per-unit structural efficiency
of an all-aluminum structure. The effect of reinforcing the
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Fig. 6 Weight comparison of buckling-critical stiffened
shells for a specified axial compression load.

frames with varying amounts of boron-epoxy on the cost-
per-unit structural efficiency is shown by the various curves.
From the results presented in Fig. 4, it is readily seen that in
terms of the variable £ pseudo-TVrib stiffening permits struc-
tures that are more economical than metal structures costing
$75 or more per pound of finished product. For comparison,
the cost per pound of DC-8 and Boeing 707 structures is of
the order of $40-$60, while for missiles and space vehicles the
cost per pound ranges between $100 to $300. The value of
1 pound of material in terms of payload can, of course, be as
much as several orders of magnitude higher.

In addition to being cost-effective, other advantages of
pseudo-T'-rib stiffening are 1) the problems of joints are
minimized since, as shown in Fig. 5, conventional joining
techniques similar to those used for metals can be employed;
2) the boron/epoxy/aluminum stiffener possesses ductility;
and 3) the concept requires a minimum amount of develop-
ment, as compared to an all-composite structure.

The pseudo-^-rib stiffening concept is equally applicable to
shells designed for buckling under axial compression. Typical
results are shown in Fig. 6, where the buckling efficiency of
pseudo-T-rib-stiffened shells is compared to the buckling
efficiency of aluminum-stiffened shells. The results given are
for a typical shell component of a Thor missile. Present
designs utilize waffle construction. The skin thickness
(t = 0.050 in.) was dictated by the internal pressure require-
ments, while the waffle geometry was dictated by axial com-
pression load. The waffle has a 45° orientation with respect
to the axial load. Waffle height is 0.21 in., width is 0.12 in.,
and spacing is 3.0 in. The waffle geometry was optimized
within the limitations stated previously. This design has been
verified experimentally. Test-theory correlation was within
7% (Ref. 3), with theory being higher.

The pseudo-jP-rib stiffening concept was applied to Thor

NOTE:
THE COST REPRESENTS TOTAL COST
OF BORON EPOXY PREPREG REQUIRED
FOR A STIFFENED CYLINDER WITH
THE ABOVE GEOMETRY.

TOTAL COST OF EPOXY PREPREG ($1,000)

NCR
R = 48 IN.
L = 46.75 IN.
NCR = 800 LB/IN.
h = STIFFENER HEIGHT

O AXIALLY STIFFENED ALL-ALUMINUM CYLINDER.

O ALUMINUM CYLINDER WITH ALL-BORON RIB

—PSEUDO-T-RIB-STIFFENED CYLINDER

Fig. 7 Total cost of boron-epoxy prepreg to increase the
bukling efficiency of stiffened cylinders subjected to axial

compression.
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Fig. 8 Buckling efficiency of an elliptical, integrated-
composite shell subjected to external pressure.

within the same limitations as stated previously. The skin
was left as 0.050 in., and only the stiffener geometry, stiffener
spacing, and the amount of boron-epoxy at the tips of the
stiffeners were varied. The stiffener width and spacing were
optimized to ensure that overall and local instability occurred
at the same load. Figure 6 shows that for the given axial
compression load (N = 800 lb/in.), pseudo-!F-rib stiffening
gives a structure weighing only 52% as much as an axially
stiffened, all-aluminum shell. When compared to waffle
construction, the pseudo-^F-rib-stiffened structure is 14%
lighter. By optimizing the orientation of boron-epoxy-rein-
forced stiffeners, further reduction in weight can be realized.
Finally, it is readily seen that the performance of the present
design can be matched by using 6% boron-epoxy at the tip of
the axial stiffener. As in the case of externally pressurized
shells, pseudo-jP-rib stiffening appears to be a cost-effective
and efficient concept for structures that are designed for
buckling under axial compression. The cost of boron-epoxy
required to increase the buckling efficiency is given in Fig. 7.
The results presented there are for a structure of given
geometry, as noted.

IV. Integrated-Composite Concept

Another method of utilizing composites efficiently is
through the integrated-composite concept, in which not only
the stiffeners but also the outer shell are reinforced with boron-
epoxy or some other high-modulus composite. Here, too,
the problems common to all-composite structures (such as
joints and attachments and lack of ductility) are avoided.
The addition of boron-epoxy on the outer shell further in-
creases the buckling efficiency and also significantly increasse
the axial bending stiffness, which frequently is required in
advanced interceptors. Typical results on the buckling
efficiency of an integrated-composite shell subjected to ex-
ternal pressure are shown in Fig. 8. These results were
calculated using equations given in the Appendix and apply
to the structure with the geometry shown in Fig. 1. Most of
the discussion regarding the advantages of the pseudo-!F-rib
stiffening concept applies here as well. The results are based
on the previously given material properties.
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Fig. 9 Comparison of cost effectiveness of pseudo-T-rib-
stiffened and integrated-composite elliptical shells.

As is apparent from Fig. 8, the external boron-epoxy over-
wrap on the shell is less efficient in increasing the buckling
efficiency than the boron-epoxy placed at. the tip of the rib.
This concept is, therefore, less cost-effective than pseudo-T-
rib stiffening. Figure 9 presents a rough indication of the
relative cost effectiveness of pseudo-T'-rib stiffening and the
integrated-composite concept.

V. Experimental Investigation

A boron/epoxy/aluminum cylinder was fabricated and
tested under external hydrostatic pressure to establish the
efficiency of an integrated-composite concept. Using the
equations given in the Appendix, tradeoff studies were per-
formed on the effect of composite layup on external buckling
pressure. The results are shown in Fig. 10 and were based on

§
cc

QCa.
o

o
=5
OQ

CC

£
X

1,ZUU

1,000

800

600

400

200

0

1
E

4
n

JCR/P FOR BORON/
POXY/ALUMINUM

<<~~

>CRFl
ALUMI

-pCR

-o*,

)RBOf
MUM

ANDP

*^s

ION/EI

CR/P
FOR ALUMINUM 1
CYLINDER (t = 0.

7

^

'OXY/

10 IN.)

] 0.2 0.4 0.6 0.8 1. °
O

M
*

«
»

-
J

-

BU
CK

LI
NG

 P
RE

SS
UR

E 
(P

C
R

 
Y 

1(
l-4

GEOMETRY OF BORON/EPOXY/ALUMINUM CYLINDER

tH = THICKNESS OF BORON-EPOXY HOOP WRAP
tL = THICKNESS OF BORON-EPOXY LONGITUDINAL WRAP
tA = 0.050 IN. (THICKNESS OF ALUMINUM)
tH + tL = 0.050 IN. (ASSUMED CONSTANT)
k = 67% (FIBER VOLUME FRACTION)

COMMON PARAMETERS FOR BORON/EPOXY/ALUMINUM
AND ALUMINUM CYLINDERS

D * 6.0 IN. (INSIDE DIAMETER)
L « 10.0 IN.
t * 0.10 TOTAL WALL THICKNESS

O CONFIGURATION SELECTED FOR TESTING

Fig. 10 External hydrostatic buckling pressure for alum-
inum and boron/epoxy/aluminum cylinders.
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1.25 IN.

10 IN,

1.25 IN.

— 0.050 IN. ALUMINUM
-0.025 IN. BORON-EPOX/

LONGITUDINALS
- 0.025 IN. BORON-EPOXY

HOOP WRAP

NOTE: INSIDE'DIAMETER
OF CYLINDER WAS
6.00 INCHES

Table 2 Comparison of buckling efficiency of aluminum
and boron/epoxy/aluminum circular cylinders subjected

to external pressure

A) CROSS SECTION
OF CYLINDER WALL

B) BORON/EPOXY/ALUMINUM
CYLINDER

Fig. 11 Boron/epoxy/aluminum test cylinder (after test).

Boron-epoxy

Boron-epoxy

Aluminum

the following material properties:
EL = 40 X 106 psi
ET = 3.5 X IP6 psi
0LT = 1.0 X 106psi

liLT = 0.23
p = 0.076 X Ib/ii
E = 10.0 X 106psi
M = 0.25
p =0.101b/in.3

The configuration identified in Fig. 10 was selected for
experimental evaluation. This configuration, although not
quite optimum, was chosen because of fabrication practicality.
Figure 11 shows the test specimen as well as its cross section.
The test specimen was fabricated from 0.125-in. aluminum
tube. First, the interior was machined to an inside diameter
of 6.00 in. The exterior was then machined to an outside
diameter of 6.20 in. Finally, the aluminum wall was ma-
chined to the geometry shown in Fig. Ha. At the ends, the
thickness of aluminum was retained at 0.10 in. as a provision
for joints and attachments. The thickness tapered from 0.10
to 0.05 in. over a 1.5-in. length. In the reduced section of the
cylinder, five layers of boron-epoxy tape were hand-laid along
the length of the cylinder. The cylinder was then over-
wrapped circumferentially with continuous boron-epoxy tape.
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Fig. 12 External pressure vs hoop strain for boron/epoxy/
aluminum cylinder (raw data).

Factor

Percent
Boron/epoxy/ differ-

Aluminum aluminum ence
Buckling pressure

FOR psi
PCR

Weight per unit area

(652)«

(65,200)

842
(890)
96,000

(101,200)

+29

+47

0 Numbers in parentheses are theoretical values; all others are experi-
mental results.

The cylinder was instrumented on the inside surface with
strain gages, provided with end plugs, encapsulated in a
rubber sleeve, and tested under external hydrostatic pressure.
Buckling occurred at 842-psi external pressure, as measured
by the pressure transducer. Figure 12 shows a typical curve
of measured pressure vs hoop strain. The pressure at which
buckling occurred is quite obvious. The pressure was re-
duced gradually, and pressure vs strain readings were re-
corded. These values are also shown in Fig. 12. The
pressure vs strain readings for loading and unloading are
almost identical, indicating elastic buckling. Figure 11
shows the specimen after it was tested.

The test-to-theory correlations, as well as a comparison of
buckling efficiency of boron/epoxy/aluminum and aluminum
cylinders, is shown in Table 2. Since no buckling tests were
performed on all-aluminum cylinders, theoretical results for
aluminum cylinders were used as a basis for comparison.
The buckling efficiency for a boron/epoxy/aluminum cylinder
is shown to be 47% higher than that of an aluminum cylinder
of similar geometry. The actual buckling pressure for an all-
aluminum cylinder would be expected to be somewhat lower
than the predicted value; therefore, the true buckling
efficiency of a boron/epoxy/aluminum cylinder would be ex-
pected to be higher than 47%. The agreement between the
experimentally and theoretically predicted buckling pressures
for the boron/epoxy/aluminum cylinder is quite good. It is
noted here that the equations used in the theoretical prediction
are those given in the Appendix. Thus, by using the inte-
grated-composite concept, the usual problems associated with
high-modulus composite structures, such as lack of ductility,
joints and attachments, and high cost, are minimized.

VI. Conclusions

By judicious reinforcement of metals with high-modulus
composites, significant increases can be achieved in the buck-
ling efficiency of stiffened metal shells subjected to axial
compression or external pressure. Through this approach,
the common deficiencies of composites (such as high cost,
lack of ductility, and the problems of joints and attachments)
can be bypassed. The concept that is particularly attractive
from the standpoint of increased structural efficiency and cost
effectiveness is the pseudo-!F-rib stiffening concept. The
experimental results further verify the validity of existing
theory for predicting buckling of externally pressurized ortho-
tropic shells and also demonstrate the structural efficiency of
boron/epoxy/aluminum cylinder as compared to that of an
all-aluminum cylinder.

Appendix: Buckling Equations

The classical small deflection theory was used to obtain a
modified Donnell buckling solution for orthotropic cylinders.
The solution for the problem is given in numerous
references.4"5



MAY 1971 COMPOSITE SHELL STRUCTURES 373

r
L 1̂̂

^r^s

x

U

Fig. 13 Cylinder subjected to axial compression.

Buckling under Axial Compression

Critical buckling loads for all ranges of buckling of a
cylinder under axial compression, assuming simply supported
edges (Fig. 13), are given in (Ref. 4).

N* =

where

Z. =

- 2 (/«„*-J^
\ ^(TSJ,

(L*/r*)(B9/D9)(l - /*,./*,.)
and /? is the ratio of half-wavelength in the axial direction to
hoop direction. The number of half-waves in the axial direc-
tion is given by m, and the number of half-wavelengths in the
hoop direction is given by n.

Buckling under External Pressure

Critical buckling pressure for all ranges of buckling, except
for a very long cylinder region, of a cylinder with simply sup-
ported edges under external pressure (Fig. 14) is given by
(Ref. 5).

Per = (A2)

Ky is defined differently for external radial pressure and ex-
ternal hydrostatic pressure.
For external radial pressure

r + 2 /*,„ + (1 -

and for external hydrostatic pressure

jr,-B4£_i_ +LDV (i + /s2) ^

where ft is the ratio of half-wavelength in the longitudinal
direction to hoop direction and Zy* = (L*/rz)(Bx/Dy)'
(1 — pxvHv*) and L is defined as the distance between sup-
ports.
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a) b)
Fig. 14 Cylinders subjected to a) external hydrostatic

pressure and b) external radial pressure.

Method of Minimizing

Buckling solutions were found from the previous equations by
inputting into the computer program the cylinder dimension
and the elastic properties of each material. From the elastic
properties of each material, the elastic stiffness properties of
the over-all cylinders were computed. The buckling loads
were then determined by numerically minimizing the previous
equations by searching through combinations of values for m
and n until the lowest value of buckling load was determined.
The effect of the ribs was included by assuming that the ribs
had zero shear stiffness, and the elastic modulus of the ribs
transverse to the direction of the ribs was taken as zero.
Poisson's effect was also taken as zero. The elastic modulus
in the direction of the rib was reduced by the ratio of rib
width to rib spacing. If the rib contained a combination of
aluminum and boron-epoxy, each modulus value was reduced
in proportion to its own modulus to give the correct value for
flexural stiffness, which would not occur if an average modulus
was assumed for the rib without compensating for the shift
in the neutral axis.

Local and Over-All Buckling

Both local and over-all buckling values of the cylinders were
checked. Local buckling for the radial and hydrostatic
pressure cases was checked by using the previous equations with
the length between ribs as the effective cylinder length.
The axial compression cylinders were checked for local buck-
ling by using Eq. (A3).

N (A3)
A buckling solution for various conditions of end restraint

is given in Ref. 6.
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